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a b s t r a c t
The use of Karhunen–Loève decomposition (KLD) to explore the complex fluid flows that are common in
engineering applications is increasing and has yielded new physical insights. However, for most engineering systems the dimension of the dynamics is expected to be very large yet the flow field data is
available only for a finite time. In this context, it is important to establish the amount of data required
to compute the asymptotic value of the Karhunen–Loève dimension given a finite amount of data. Using
direct numerical simulations of Rayleigh–Bénard convection in a finite cylindrical geometry we compute
the asymptotic value of the Karhunen–Loève dimension. The amount of time required for the Karhunen–
Loève dimension to reach a steady value is very slow in comparison with the time scale of the convection
rolls. We show that the asymptotic value of the Karhunen–Loève dimension can be determined using
much less data if one uses the azimuthal symmetry of the governing equations prior to performing a
KLD. The Karhunen–Loève dimension is found to be extensive as the system size is increased and for a
dimension measurement that captures 90% of the variance in the data the Karhunen–Loève dimension
is approximately 20 times larger than the Lyapunov dimension.
! 2010 Elsevier Ltd. All rights reserved.

1. Introduction
Many open challenges remain in the development of ways to
describe, model, and predict chaotic fluid flows [1]. One method
proposed by Lumley [2] to study turbulence is to use a Karhunen–Loève decomposition, or proper orthogonal decomposition
(POD), to decompose the flow into an optimal set of basis functions. This has led to many discoveries and has increased our
understanding of turbulence including the dynamics of streaks
and bursting events [3–11], the dynamics of energy transfer
[12,13], and the mechanism of drag reduction [14–16]. Recently,
this has been extended to many experimental and numerical
investigations of more complicated flow fields in engineering
applications that are quite different than a typical theoretical
investigation of fluid turbulence (cf. [17,18]). An important difference is that the interval of time over which the data is available is
often very short. This limiting factor is present in both experimental and numerical studies. It is anticipated that the dimension
describing the dynamics of these systems is very large and as a result the short time observations provide only a limited sample of
the overall dynamics.
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We explore this by computing the Karhunen–Loève dimension
with time for a high-dimensional fluid flow field. Our results provide insights for the use of KLD for more complex engineering flow
fields where only a finite amount of data is available. Our results
show that asymptotic values of the eigenvalue spectrum, eigenfunctions, and dimension for the KLD of a complex flow field can
be approximated from finite time observations. We will also show
that using the rotational invariance inherent to the problem vastly
reduces the amount of data required to compute the asymptotic
value of the Karhunen–Loève dimension.
We show this by numerically integrating the time-dependent
and three-dimensional Boussinesq equations that govern the fluid
motion of Rayleigh–Bénard convection in a shallow cylindrical domain. In particular, we explore the spatiotemporal chaos of the
fluid convection rolls that arise when a layer of fluid is heated uniformly from below in a gravitational field. A typical flow field pattern from our numerical simulations is shown in Fig. 1 which
illustrates a horizontal mid-plane slice of the domain where red
is hot rising fluid and blue is cool falling fluid.
We compute the long-time asymptotic value of the dimension
resulting from a KLD using two different approaches given a series
of two-dimensional flow field images:
(i) In this approach we apply the standard method of snapshots
to a series of two-dimensional flow field images.
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u ¼ 0:

1705

ð4Þ

The top and bottom plates are held at a constant temperature
T(z = 0) = 1 and T(z = 1) = 0 and the lateral sidewalls of the domain
are perfectly conducting boundaries with

T ¼ 1 ! z:

ð5Þ

There are three important nondimensional parameters that completely describe the dynamics. The aspect ratio of the domain

C¼

r0
;
d

ð6Þ

which is a measure of the system size and r0 is the radius of the domain. The Prandtl number

m
r¼ ;
a

ð7Þ

where m is the kinematic viscosity, and the Rayleigh number
Fig. 1. A typical pattern of convection rolls from a numerical simulation of chaotic
Rayleigh–Bénard convection in a shallow cylindrical domain. The flow field is
shown at mid-depth z = 1/2 where red indicates warm rising fluid and blue
indicates cool falling fluid. For this simulation C = 10, R/Rc = 3.5, and r = 1. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

(ii) In this approach we first take a Fourier transform in the periodic azimuthal direction and then perform the KLD in the
radial direction.
In the following discussion we will refer to these directly as Approach (i) and Approach (ii) which are discussed in detail in Sections 2.2.1 and 2.2.2, respectively.
We hypothesize that in the limit of an infinite amount of data
the two approaches are equivalent for chaotic flow fields due to
the rotational symmetry of the governing Boussinesq equations.
For this to be true, every possible rotation of a flow field image
must also be realized in time as the dynamics proceed. This is
clearly not guaranteed, for example it is well known that nonlinear
partial differential equations, such as the Boussinesq equations
that govern fluid convection, contain multiple stable solutions
when driven far-from-equilibrium. The particular dynamics exhibited will depend upon the specific initial conditions used due to
complicated basins of attraction. However, we argue that for large
systems exhibiting spatiotemporal chaos these effects will average
out and the dimension from the two approaches will be quite
similar.

3

R¼

ð8Þ

;

2.2. Karhunen–Loève decomposition
The KLD of a fluid flow field can be cast as the solution of the
Fredholm integral,

X

2.1. Direct numerical simulation

am

where g is the acceleration due to gravity and b is the coefficient of
thermal expansion.
The control parameter that is varied in most experiments is R
[19]. For no-slip boundaries the critical value of the Rayleigh number is Rc = 1708 which corresponds to the onset of convection rolls.
For a fluid with r ' 1, as R is increased R [ 104 the steady convection rolls are replaced by patterns of rolls with time dependent
dynamics that include periodic, quasiperiodic, and chaotic dynamics (cf. [20–23]). As R is increased further R J 105 the convection
rolls are annihilated and replaced by thermal plume structures
yielding turbulent convection [1].
In this paper we are interested in the range where the patterns
of convection rolls exhibit spatiotemporal chaos and we use
R = 6000 (which yields R/Rc = 3.5), r = 1 and a range of system sizes
6 6 C 6 15. In the following we solve the time-dependent Boussinesq equations using a geometrically flexible, efficient, spectral
element algorithm [24–26]. Further details on the specific application of this numerical method to thermal convection can be found
in Ref. [27].

Z

2. Numerical methods

gbDTd

3

Kðx; x0 ÞUðx0 Þd x0 ¼ lUðxÞ;

ð9Þ

where

1

Z s

The fluid motion of Rayleigh–Bénard convection is governed by
the Boussinesq equations

Kðx; x0 Þ ¼ lim

r!1 ð@ t u þ u $ ruÞ ¼ !rP þ r2 u þ RT ^z;

and ( is an outer product, X is the volume of the entire domain, x is
the position vector, U(x) is the eigenvector with associated eigenvalue l, and K(x, x0 ) is the kernel. The kernel is built using the
two-point correlation of the fluctuating space-time velocity components u(x, t) averaged over time s. The Karhunen–Loève dimension
DKL is the number of eigenmodes necessary to capture a given fraction f of the total variance of the data

@ t T þ u $ rT ¼ r2 T;
r $ u ¼ 0;

ð1Þ

ð2Þ
ð3Þ

which represent the conservation of momentum, energy, and mass.
In our notation @ t is a time derivative, ^z is a unit vector in the direction opposing gravity, u is the fluid velocity, p is the pressure, and T
is the temperature. The equations are nondimensionalized using the
layer depth d as the length scale, the vertical diffusion time of heat
sv = d2/a for the time scale, where a is the thermal diffusivity, and
the constant temperature difference DT between the bottom and
top plates as the temperature scale. In our investigation we consider
a shallow cylindrical convection domain of radius r0 and depth d. On
all material walls we impose the no-slip boundary condition

s!1

PDKL

lj
¼ f;
j¼1 lj

Pj¼1
1

s

0

uðx; tÞ ( uðx0 ; tÞdt;

ð10Þ

ð11Þ

where a typical choice is f = 0.9. The observation time s should be
long enough such that most of the dynamics on the attractor have
been observed. In the limit s ? 1 this is satisfied. However, for a
finite amount of data it is desired that the data is sufficient for
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the dimension to have approached its asymptotic value such that
DKL ' D1.
For the Rayleigh–Bénard convection studied here we perform a
KLD on the two-dimensional flow field pattern at the mid-plane as
shown in Fig. 1. The reason for this is twofold. One, a typical experiment using shadowgraphy to measure the convective roll pattern
would generate the same type of data [19]. Second, it is expected
that the convection rolls do not contain structure in the vertical
direction that would have a significant impact upon the dimension.
In collecting data for our KLD we use images from the flow field
separated in time by 5sv where the total duration of the numerical
simulation depends upon the system size explored.
2.2.1. Approach (i)
The size of the eigenvalue problem to solve the Fredholm integral in Eq. (9) is large. The scale of the computations can be reduced using the method of snapshots [28]. The method of
snapshots recasts the eigenfunction in the Fredholm integral in
Eq. (9) as a linear combination of the snapshots where

cðtÞ ¼

Z

X

3

uðx0 ; tÞUðx0 Þd x0

ð12Þ

and Eq. (9) is then

lim

s!1

1

s

Z s
0

uðx; tÞcðtÞdt ¼ lUðxÞ:

ð13Þ

Multiplying both sides by u(x, t0 ) and integrating yields,

lim

s!1

1

s

Z s

cðtÞ

Z s

ðuðx; t 0 Þ; uðx; tÞÞcðtÞ dt ¼ lcðt 0 Þ

0

Z

3

X

uðx; t 0 Þuðx; tÞ d x dt ¼ lcðt 0 Þ

represents a velocity field and the eigenvalue
aged energy of that flow field.

lqn is the time aver-

3. Discussion
3.1. Computing the Karhunen–Loève dimension
We now illustrate the differences in our two approaches for
computing DKL through two examples using numerical data from
our simulations for C = 10. In the first example we compute the
dimension using four flow field images. In the second example,
we compute the dimension using a single flow field image that is
rotated azimuthally.
The flow field patterns from four instances in time separated by
50sv are shown in Fig. 2. Approach (i) yields a dimension of
DKL = 3.49 when using all four images. However, using Approach
(ii)
the
dimensions
of
the
individual
images
are
DKL = 46.1,46.8,49.8,48.5 for panels (a)–(d), respectively. If we construct a time series out of these images and compute the dimension using images from panels (a), (a and b), (a–c), and (a–d) we
find the values of the cumulative dimension as shown in Table 1.
The magnitude of the dimension increases rapidly with the addition of each new flow field image. When using all four images Approach (ii) yields a dimension of DKL = 147.4 which is less than the
sum of the individual contributions 191.2. This example demonstrates that the rate at which the two approaches attain an asymptotic value of the dimension is quite different. It is clear that
Approach (ii) is quite useful for systems with large dimensions.

ð14Þ

or

lim

s!1

1

s

0

ð15Þ

where (,) denotes an inner product over the domain X. The resulting
equation is now a Fredholm integral in time. In fluid dynamics this
is more computationally tractable because there are typically fewer
time observations (snapshots) than there are spatial observations
(grid points).
2.2.2. Approach (ii)
For a rotationally invariant system every rotation of the solution
is also valid. The coefficients of the KLD in the azimuthal direction
are therefore those of a Fourier series [29]. In this case, the eigenmode for mode m,

Um ðr; hÞ ¼ Wqn ðrÞeinh ;

ð16Þ

is uniquely described with an azimuthal wavenumber n and eigen
number q. This reduces the computation of the Karhunen–Loève
modes to

Z

0

r0

0

Kn ðr; r0 ÞWn ðr 0 Þr 0 dr ¼ ln Wn ðrÞ;

ð17Þ

where

Kn ðr; r 0 Þ ¼ lim

s!1

1

s

Z s
0

0
^ n ðr; tÞ ( u
^H
u
n ðr ; tÞ dt;

ð18Þ

with w denoting the complex conjugate and the weight r0 is present
because the inner product is evaluated in polar-cylindrical coordinates (r, h). The Fourier transform of the velocity in the azimuthal
^ n ðr; tÞ. The kernel in Eq. (17) is Hermitian as it was in
direction is u
Eq. (9) and yields real and positive eigenvalues. Using a Q-point
quadrature to solve Eq. (17) yields 3Q eigenvectors and corresponding eigenvalues in descending order for each azimuthal mode n, denoted with eigen number q. Physically, each eigenvector Wqn ðrÞeinh

Fig. 2. Four flow fields from numerical simulation that are separated in time by
50sv for C = 10, R/Rc = 3.5, r = 1. The values of DKL computed using Approach (ii) for
each individual flow field are 46.1, 46.8, 49.8, and 48.5 for panels (a)–(d),
respectively.

Table 1
The cumulative Karhunen–Loève dimension of the four flow field images shown in
Fig. 2. The number of images used in computing the dimension is n for both
approaches (i) and (ii).
Samples, n

Approach (i), DKL

Approach (ii), DKL

1
2
3
4

0.9
1.79
2.64
3.49

46.1
84.2
118.3
147.4
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Fig. 3. The cumulative dimension of a flow field pattern where a single flow field
image is rotated azimuthally by increments of Dh = 2p/512 to form new images
where the angle of rotation is hi = iDh and i is an integer. Results are shown for a
total of 1024 rotations where Approach (i) is the solid line and Approach (ii) is the
dashed line. The two approaches agree when i = 512 and 1024 corresponding to one
and two complete rotations of the flow field, respectively. The flow field used is at
time t = 500 (see inset) and for the simulation parameters C = 10, r = 1, and R/
Rc = 3.5.

Using the same convection domain with C = 10 we now consider a single flow field image from time t = 500 that is rotated azimuthally in small increments to create a series of images that is
then used to compute DKL. The specific flow field pattern that is
used is shown in the inset of Fig. 3. The image is rotated incrementally by Dh = 2p/512 to yield rotations of h = iDh where
i = 1, 2, . . . , 1024 resulting in two complete rotations.
The values of DKL for the two approaches are shown in Fig. 3. The
dimension from Approach (ii) is DKL = 47.3 using only one image and
remains at this value for the subsequent incremental rotations. Approach (i) however, increases monotonically for each incremental
rotation and agrees with Approach (ii) only after one complete rotation. This occurs for subsequent complete rotations as well.
This example illustrates the computational advantage of Approach (ii) for computing DKL in the limit of a system with rotational invariance. It also shows that the two approaches
eventually yield the same value for DKL. The computed values of
DKL only agree after the flow field pattern has undergone a complete rotation. For the case of actual flow field data, it is expected
that the two approaches would also agree if enough data were used
for Approach (i) to sample from all of the possible orientations
[14]. However, this can be a very slow process as we will
demonstrate.
3.2. The Lyapunov and Karhunen–Loève dimensions
A significant advantage of studying chaotic Rayleigh–Bénard
convection is that the spectrum of Lyapunov exponents has been
calculated to yield quantitative measurements of the Lyapunov
dimension [30,31]. The spectrum of Lyapunov exponents kj measure the exponential separation of trajectories in phase space and
are ordered from largest to smallest. A single positive exponent
is the defining feature of deterministic chaos (cf. [1,32,33]). The
sum of the first N exponents indicates the exponential growth of
an N-dimensional ball of initial conditions in phase space.
The number of exponents that must be added in order for their
sum to equal zero yields the Lyapunov dimension. Using a linear
interpolation to find the precise value of this number is the commonly used Kaplan–Yorke formula [34],

Dk ¼ J þ

SJ
;
jkJþ1 j

ð19Þ

J
X

kj > 0:

j¼1

1707

ð20Þ

The Lyapunov dimension Dk is an approximation to the number of
degrees of freedom that contribute to the chaotic dynamics [35,1].
The Karhunen–Loève dimension was compared with the Lyapunov dimension by Sirovich and Deane [36] as the Rayleigh number
was varied for turbulent Rayleigh–Bénard convection in a small
periodic domain with free surface boundary conditions. Zoldi
et al. [37] computed DKL from experimental shadowgraph images
of the spiral defect chaos state [38] of Rayleigh–Bénard convection
in a large cylindrical domain with C = 109. In order to explore the
variation of DKL with the system size the data was spatially sampled with a square window of increasing size. Using this approach
it was found that DKL scaled linearly with window size demonstrating extensivity. For Rayleigh–Bénard convection in a shallow layer
there are effectively two spatially extended directions and, as a result, the system size is measured as C2.
The spiral defect chaos state has also been explored numerically.
Using a range of large periodic box geometries Dk was found to scale
extensively with system size for C = 48, 56, 64 and R/Rc = 1.8 [30].
For box geometries the aspect ratio is defined as C = L/d, where L is
the length of an entire side of the box. The dimension Dk ' 80 for
the largest domain and the dimension density was found to be
dk = Dk/C2 ' 0.019. The extensivity of chaos was also shown numerically for a range of finite cylindrical geometries for 4.72 6 C 6 15,
r = 1, and R/Rc = 3.5 [31]. In this case the dimension density was
found to be dk ' 0.25. In our study we have chosen to explore the
same system parameters as those of Ref. [31] and to compute the
variation of DKL over the same range of system sizes.
3.3. Eigenvalues and eigenfunctions
We next examine the approach of the eigenvalues to their
asymptotic values. The normalized eigenvalue distribution is given
by

l
gi ¼ P i ;
i li

ð21Þ

where the index i is over all computed eigenvalues li. The variation
in the magnitude of the error with time Eg(s) is computed as,

Eg ðsÞ ¼ 1 !

jgi ðsÞj
;
jgi;1 j

ð22Þ

where jgij is the magnitude of the eigenvalue spectrum and jgi,1j is
the value using the largest s available for each case. The error Eg decreases rapidly with time and is shown in Fig. 4. The time has been
normalized by the nondimensional time required for heat to diffuse
a distance r0 which we refer to as the horizontal diffusion time
sh = C2. The nondimensional time scale of the fluid motion in a convection roll is on the order of s ' 1 and sh represents a long-time
scale.
The rate at which Approach (ii) attains its asymptotic value is
found to be faster than Approach (i). For example, for s ' 5sh the
error is Eg ) 10!2 using Approach (i) whereas Eg ) 10!4 using Approach (ii).
The approach of the KLD modes to their asymptotic values depend upon their eigenvalue. Fig. 5 shows the variation of modes
1, 25, and 50 with increasing time. Again we use the data for the
largest available s as an approximation for s ? 1. The time variation of the magnitude of the error for the ith mode is computed as

EU;i ðsÞ ¼ 1 !

ðUi ðsÞ; Ui;1 Þ
:
ðUi;1 ; Ui;1 Þ

ð23Þ
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Fig. 4. The approach of the normalized eigenvalue spectrum to its asymptotic value
as a function of time s for C = 6. The time has been normalized by the horizontal
diffusion time sh. The error is given by Eg for Approach (i) (dashed line) and
Approach (ii) (solid line) using Eq. (22).
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Fig. 6. The variation of DKL with time for Approach (ii) (stars) and Approach (i)
(circles) for C = 6. The long-time asymptotic value for Approach (ii) is given by the
dash-dotted line. The curve fit for Approach (i) is DKL = 137.8 ! 68.4 exp(!0.0730s/
sh) ! 69.3 exp(!0.00406s/sh) and is given by the dashed line. The asymptotic value
of the dimension for Approach (i) is given by the solid line at D1 = 137.8.

For the dimension to converge within 10% of D1 requires a time
of s ) 400sh. Such a slow convergence rate in time is typical of our
results for Approach (i). A further difficulty resulting from the slow
convergence is the that the value of D1 is very sensitive to small
variations in the data that is made more significant when only a finite amount of data is available. The variation of DKL with time is
shown for C = 10, 12, 15 in Figs. 7–9, respectively, and numerical
values of the DKL are given in Table 2.
3.5. Extensivity
Fig. 10 shows the time variation of the cumulative normalized
energy of the first N eigenvalues. The normalized energy is computed from,

10

20
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50

60

PN
lk
EN ðsÞ ¼ Pk¼0
1
k¼0

Fig. 5. The approach of the eigenfunctions to their asymptotic values with time for
a convection domain with aspect ratio C = 6. The error in the eigenfunction for
mode i is given by EU,i in Eq. (23). Results are shown for i = 1 (solid lines), i = 25
(dashed lines), and i = 50 (dash-dotted lines). The results computed using Approach
(i) are represented by thin lines and those using Approach (ii) are represented by
thick lines.

Again, Approach (ii) attains the asymptotic value faster than Approach (i).

using the data from Approach (ii) with the largest s for each respective system size. The basic trend of EN(s) shows that the total num-

400

300

3.4. The Karhunen–Loève dimension
The variation of DKL for C = 6 with respect to time is shown in
Fig. 6. where the time has been scaled by the horizontal diffusion
time sh. Results are given for both approaches (i) and (ii). Approach
(ii) has reached a value of DKL ' 142 after s ' 20sh.
On the other hand, Approach (i) exhibits a very gradual convergence. The numerical simulations were continued until s ' 60sh. In
order to estimate a value of the asymptotic value of the dimension
D1 for Approach (ii) the results are fit with the following exponential dependence,

DKL ðsÞ ¼ D1 þ c1 e!c2 s=sh þ c3 e!c4 s=sh ;

ð25Þ

lk

ð24Þ

where c1, c2, c3, and c4 are constants and the fit is shown by the
dashed line. The fitted curve is used to determine the asymptotic
value of the dimension to yield D1 = 137.8 and is indicated by the
solid line.
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Fig. 7. The variation of DKL with time s for Approach (ii) (stars) and Approach (i)
(circles) for C = 10. The long-time asymptotic value for Approach (ii) is given by the
dash-dotted line. The curve fit for Approach (i) is DKL(s) = 265.2 ! 82.0
exp(!0.2455s/sh) ! 194.8 exp(!0.02796s/sh) and is given by the dashed line. The
asymptotic value of the dimension for Approach (i) is given by the solid line at
D1 = 265.2.
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Fig. 8. The variation of DKL with time s for Approach (ii) (stars) and Approach (i)
(circles) for C = 12. The long-time asymptotic value for Approach (ii) is given by the
dash-dotted line. The curve fit for Approach (i) is DKL(s) = 632.2 ! 130.6
exp(!0.1444s/sh) ! 504.2 exp(!0.01404s/sh) and is given by the dashed line. The
asymptotic value of the dimension for Approach (i) is given by the solid line at
D1 = 632.2.
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Fig. 10. The fraction of the total energy captured EN as a function of the number of
modes N using Approach (ii). Results are shown for C = 6 (solid line), C = 10 (dashed
line), C = 12 (dash-dotted line), and C = 15 (dotted line). A typical approach used to
compute the value of DKL is to use the number of modes needed for EN = 0.9. From
these results it is clear that DKL increases in value as the system size is increased.

2500

1400
1200

2000

1000
1500

800
600

1000

400
500

200
0
0

10

20

0
0

30

Fig. 9. The variation of DKL with time s for Approach (ii) (stars) and Approach (i)
(circles) for C = 15. The long-time asymptotic value for Approach (ii) is given by the
dash-dotted line. The curve fit for Approach (i) is DKL(s) = 1320.1 ! 36.5
exp(!0.7892s/sh) ! 1290.3 exp(!0.01908 s/sh) and is given by the dashed line.
The asymptotic value of the dimension for the Approach (i) is given by the solid line
at D1 = 1320.1.

Table 2
The variation of the dimension with system size. The asymptotic values of the
Karhunen–Loève dimension D1 are given for both approaches (i) and (ii). The
Lyapunov dimension Dk computed for the same system parameters are included from
Ref. [31].

C

Approach (i), DKL

Approach (ii), DKL

Lyapunov, Dk

6
10
12
15

138
265
632
1320

142
409
570
1045

6.8
21.6
32.5
53.7

ber of modes N needed to capture a fraction f increases with
system size. Fig. 11 shows the variation of DKL with system size
using different values of f where 0.5 6 f 6 0.95. Our results yield
a linear relationship between DKL and C2 over the entire range.
The choice for DKL that we have used for reporting values of DKL is
f = 0.9.

50

100

150

200

250

Fig. 11. The variation of the dimension DKL with system size C2 for several choices
of f using Approach (ii). Results are shown for f = 0.5 (circles), f = 0.8 (triangles),
f = 0.9 (squares), and f = 0.95 (stars). The solid lines are linear curve fits through the
data indicating the extensivity of DKL. In the following figures we have chosen to use
f = 0.9 when reporting values of DKL.

The variation of DKL with system size is shown in Fig. 12 using
Approach (ii) (squares) and Approach (i) (triangles) and linear
curve fits through the data are given by the solid line and the
dash-dotted line, respectively. The results using Approach (i) increase with system size but with significant deviations from the
line of extensivity. As discussed, the approach to the asymptotic
value for Approach (i) is very slow and our numerical results would
need to be continued for much longer simulation times for these
results to converge. However, if this were done it is anticipated
that the results would eventually agree with those of Approach
(ii) which is extensive.
The variation of Dk with system size is shown in Fig. 12 by the
circles with a linear curve fit given by the dashed line. Although
there is no reason to expect the two dimensions to be related since
they measure very different aspects of the patterns and their
dynamics, it has been suggested that for extensively chaotic
dynamics their rate of increase should be similar [39]. Numerical
values of the dimensions are given in Table 2. Using the linear
curve fits through the data yields the relationship DKL ' 19.7Dk.
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Fig. 12. The variation of DKL and Dk with system size C2 using numerical results for
C = 6, 10, 12 and 15. The values of DKL computed using Approach (ii) are
represented as squares and the solid line is a linear curve fit. The value of DKL
computed using Approach (i) are represented as triangles and the dash-dot line is a
linear curve fit. The Lyapunov dimension from Ref. [31] are represented as circles
and the dashed line is a linear curve fit. From the data DKL ' 19.7Dk where Approach
(ii) has been used for DKL.

4. Conclusions
We have performed a Karhunen–Loève decomposition on a finite
cylindrical domain containing a shallow fluid layer undergoing
extensively chaotic dynamics. Our results suggest that even for this
case the required time necessary to obtain good estimates of the
Karhunen–Loève dimension is very long and on the order of hundreds of horizontal diffusion times. However, by exploiting the rotational symmetry of the problem the time to convergence can be
drastically reduced using Approach (ii). This has important consequences for more complex flow fields that are common in engineering applications where the amount of data available is limited in
both experiment and for computations. A prime example is the use
of particle image velocimetry to obtain detailed information about
the flow field. In this case the observation time is a function of the
amount of data that can be captured by the camera. Overall, our results show that one must be careful in order to obtain an accurate
estimation of the asymptotic value of the Karhunen–Loève
dimension.
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