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Front propagation in a chaotic flow field
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We investigate numerically the dynamics of a propagating front in the presence of a spatiotemporally chaotic
flow field. The flow field is the three-dimensional time-dependent state of spiral defect chaos generated by
Rayleigh-Bénard convection in a spatially extended domain. Using large-scale parallel numerical simulations,
we simultaneously solve the Boussinesq equations and a reaction-advection-diffusion equation with a FischerKolmogorov-Petrovskii-Piskunov reaction for the transport of the scalar species in a large-aspect-ratio cylindrical
domain for experimentally accessible conditions. We explore the front dynamics and geometry in the lowDamköhler-number regime, where the effect of the flow field is significant. Our results show that the chaotic
flow field enhances the front propagation when compared with a purely cellular flow field. We quantify this
enhancement by computing the spreading rate of the reaction products for a range of parameters. We use our
results to quantify the complexity of the three-dimensional front geometry for a range of chaotic flow conditions.
DOI: 10.1103/PhysRevE.90.012905
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I. INTRODUCTION

The transport of a scalar species in a complex flow field is
an important problem with broad scientific and technological
implications that presents many open challenges [1,2]. This
is particularly true when the scalar species is also reacting.
Examples include chemical systems [3], the propagation of
epidemics and disease [4], the spread of forest fires [5],
the propagation of a healing wound [6], the combustion of
premixed gases [7], the dynamics of micro-organisms in the
oceans [8–10], and the motion of particulates in the atmosphere
[11]. In many of these examples, the systems are large and
spatially extended and the transport of the scalar species occurs
as a propagating front [1,2].
In the absence of a flow field, the dynamics of a reacting
and diffusing species are well understood [12,13]. In this case,
the velocity
! of the propagating front is constant and is given
by v0∗ = 2 D/τr∗ , where D is the molecular diffusivity of the
reacting species and τr∗ is the time scale of the reaction.
However, in many systems of interest the presence of an
underlying flow field is significant and affects the dynamics of
the front propagation. There has been considerable attention
paid to the dynamics of front propagation in the presence
of two-dimensional flows [1,2]. For example, vortex flows
with a cellular structure [14–17], blinking vortex flow [18],
and in disordered flows [19]. For two-dimensional flows,
burning-invariant-manifold theory has been developed and
used to make significant advances in improving our physical
understanding of these systems [16,20–22]. However, many
systems that are of interest are three dimensional such as the
dynamics of the atmosphere, oceans, and many fluid, chemical,
and biological systems. Extending theoretical descriptions
into the regime of three-dimensional flows is currently a
topic of considerable interest [16]. In addition, experimental
measurements in these systems present many difficult challenges [2,18]. However, using large-scale computations for
the precise conditions of experiment, it is now possible to
simulate these systems to explore quantitatively the dynamics
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and transport of a reacting front in the presence of a
spatiotemporally chaotic flow field.
II. APPROACH

In this paper we consider chaotic Rayleigh-Bénard convection, which is the convective fluid motion that occurs when
a shallow layer of fluid is heated uniformly from below in
a gravitational field [23]. The fluid motion is governed by
the Boussinesq equations, which represent the conservation of
mass, momentum, and energy for an incompressible fluid. In
nondimensional form, these equations are
"
#
⃗
−1 ∂ u
⃗
⃗ + ∇ 2 u⃗ + RT ẑ,
+ u⃗ · ∇ u⃗ = −∇p
(1)
σ
∂t
∂T
⃗ = ∇ 2T ,
(2)
+ u⃗ · ∇T
∂t
⃗ · u⃗ = 0,
∇
(3)

where u⃗(x,y,z,t) is the velocity, T (x,y,z,t) is the temperature,
p(x,y,z,t) is the pressure, t is time, (x,y,z) are the spatial
coordinates, and ẑ is a unit vector opposing gravity. These
equations have been nondimensionalized using the depth d
of the convection layer as the length scale, the constant
temperature difference between the bottom and top plates $T
as the temperature scale, and the thermal diffusion time of
heat d 2 /α across the layer depth as the time scale, where α
is the thermal diffusivity of the fluid. The Rayleigh number
represents the ratio of buoyancy forces to viscous forces and
is given by
βg$T d 3
,
(4)
αν
where β is the coefficient of thermal expansion, g is the
acceleration due to gravity, and ν is the kinematic viscosity
of the fluid. A convection layer of infinite extent becomes
unstable at a critical value of Rc ≃ 1708 to straight and parallel
convection rolls (cf. [23]). We will often find it convenient to
also use the reduced Rayleigh number ϵ = (R − Rc )/Rc to
describe the flow field. As the Rayleigh number increases,
the dynamics become time dependent, chaotic, and eventually
turbulent. The Prandtl number σ = ν/α is the ratio of the
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diffusivity of momentum to the diffusivity of heat. In a typical
compressed gas mixture used in experiment σ ≈ 1 [24]. The
spatial extent of the convection domain is given by the aspect
ratio ) = r0 /d, where r0 is the radius of the cylindrical domain.
We are interested in the dynamics that occur in a large spatially
extended domain where ) ≫ 1.
The reaction-advection-diffusion equation governs the motion of the scalar species. Using our notation and nondimensionalization for space and time yields
∂c
⃗ = L∇ 2 c + ξf (c),
+ u⃗ · ∇c
(5)
∂t
where c(x,y,z,t) is the nondimensional concentration of
products such that c = 1 is pure products and c = 0 is the
absence of products (or, equivalently, pure reactants). The
Lewis number L represents the ratio of mass diffusion to
the diffusion of heat
D
L= ,
(6)
α
where D is the mass diffusivity of the scalar species. For
conditions commonly used in convective experiments the
Lewis number is typically L ≪ 1 [25]. It is often convenient
to describe the dynamics using the Péclet number where
P = U/L, with U a nondimensional value of the characteristic
velocity of the flow field. In all of our numerical simulations
we are in the large-Péclet-number regime where P ! 100. The
nondimensional reaction rate is given by ξ . It is often insightful
to compare the reaction time scale τr = ξ −1 with the time scale
of the flow field τu = U −1 using the Damköhler number where
ξ
τu
(7)
= .
Da =
τr
U
When Da ≫ 1 the dynamics are reaction dominated and when
Da ≪ 1 the dynamics are advection dominated. In all of our
calculations we have explored cases where Da < 1 in order to
quantify the dynamics of a propagating front that is affected
significantly by the complex flow field. In our computations
we have modeled the reaction using the Fischer-KolmorgorovPetrovskii-Piskunov nonlinearity [12,13]
f (c) = c(1 − c),

(8)

u⃗ = 0.

(9)

T (z) = 1 − z.

(10)

⃗ =0
n̂ · ∇c

(11)

where f (0) = f (1) = 0 and f ′′ (c) < 0.
We apply the no-slip boundary condition for the fluid
velocity at all material surfaces where
The temperature at the bottom plate is T (z = 0) = 1 and
the temperature at the top plate is T (z = 1) = 0. The lateral
sidewalls of the cylindrical domain are assumed to be perfectly
conducting to yield the linear conduction temperature profile
as the time-independent sidewall boundary condition
Finally, all material surfaces are no-flux surfaces for the scalar
species, which can be represented as
where n̂ is an outward pointing unit normal. In our numerical
simulations the dynamics of the flow field is not affected by
the dynamics of the concentration field c. As a result, the

flow field u⃗ is simply an input to the reaction-advectiondiffusion equation given by Eq. (5). There are cases where
this approximation would be significant, for example, in
combustion systems where the heat of reaction would cause
significant fluid motion that could affect the front dynamics.
However, in many systems, such as chemical, fluid, or
biological systems, this approximation may not be significant.
A physical understanding of the front dynamics in the absence
of the fluid velocity backaction is currently lacking and insights
into these dynamics are of broad appeal.
Our numerical procedure is the following. We first
numerically integrate the Boussinesq equations given by
Eqs. (1)–(3) for a long time to generate a flow field. We use
a highly parallel, exponentially convergent, spectral-element
solver that has been used to explore fundamental features of
chaotic Rayleigh-Bénard convection [26,27], bioconvection
[28], passive scalar transport in chaotic convection [29],
and turbulent convection [30]. The initial conditions for our
simulations are small random perturbations to the temperature
field. These flow field simulations have a typical duration of
one horizontal diffusion time τh in an effort to minimize the
effect of any initial transients [31]. A horizontal diffusion time
is the amount of time required for heat to diffuse from the
center of the domain to a lateral sidewall. In nondimensional
units this is given by τh = ) 2 . For t > τh we simultaneously
integrate the reaction-advection-diffusion equation given by
Eq. (5) from the initial condition
"
#
r2
c(r,t = 0) = exp −
,
(12)
2$2
where r is a radial coordinate with an origin at the center
of the cylindrical domain and $ = 1/2. We have performed
many numerical tests to ensure that our results are independent
of the choice of initial conditions, spatial discretization, and
time step (cf. [32]).
III. RESULTS

We are interested in the front dynamics for large-aspectratio systems with parameters that are accessible to experiment. The parameters used in our simulations are given in
Table I. All of our chaotic flow fields have been allowed to
evolve for τh = 1600 time units prior to initiating the reaction
at the center of the domain. Sample flow field images from our
simulations are shown in Fig. 1 for three different values of the
Rayleigh number where 2000 < R < 20 000 to illustrate the
variation in the dynamics that we have explored. In Fig. 1 the
temperature field is shown at a horizontal midplane (z = 1/2)
where red (light) indicates hot rising fluid and blue (dark)
indicates cool falling fluid.
TABLE I. Parameters used in the numerical simulations: aspect
ratio ), Prandtl number σ , Lewis number L, Rayleigh number R, and
reaction rate ξ . In our simulations the Damköhler number is in the
range 0.02 " Da " 0.2 and the Péclet number P ! 100.
)

σ

L

R

ξ

40

1

0.1

0 # R # 20 000

0#ξ #1
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Figure 1(a) is for R = 2000 where the time-dependent
pattern consists of a target pattern with several slowly moving
dislocations in the bulk region and cross rolls near the lateral
boundaries. Figure 1(b) is for R = 4000 and the flow field
dynamics are those of spiral defect chaos. Spiral defect chaos
is a time-dependent state that consists of spiral structures
and defects that persist for all time [24,33]. It has been
shown numerically that spiral defect chaos is an extensively
chaotic state with a positive leading-order Lyapunov exponent
[26,27,34]. Using the numerical results of Ref. [27], the fractal
dimension of the flow field shown in Fig. 1(b) is on the order
of several hundred.
Figure 1(c) shows the flow field pattern for R = 20 000.
The dynamics contain a backbone of spiral defect chaos
where the convection rolls have also undergone an oscillatory
instability that appears as the higher-wave-number features
along the axial direction of the convection rolls. The result is a
rapid-traveling-wave structure along the axis of the convection
rolls. A Rayleigh number of R = 20 000 is the largest value
we explored due to the numerical cost of running long-time
simulations with fast features of increasing spatial complexity.
If the Rayleigh number is increased further the convection
rolls eventually become unstable to plume structures to yield
turbulent convection [30,35].
In order to gain insight into the convective time scale we
performed a number of simulations for different Rayleigh
numbers to estimate the characteristic velocity of convection
U . In Fig. 2 we plot the variation of U with respect to
the reduced Rayleigh number ϵ. As an estimate for the
characteristic velocity we determined the maximum velocity
of the fluid in the domain and plotted its average with the
errors bars representing the standard deviation about the mean
value for one time unit. The characteristic velocity exhibits
an approximate linear growth with respect to ϵ as illustrated
by the dashed curve where U = 6.0ϵ + 7.5. Using τu = U −1
with Fig. 2 yields that the convective time scale is in the
80
70
60
50

U

40
30
20
10
0

FIG. 1. (Color online) Flow field patterns after one horizontal
diffusion time τh = 1600 for three different Rayleigh numbers R:
(a) R = 2000 (ϵ = 0.17), (b) R = 4000 (ϵ = 1.34), and (c) R =
20 000 (ϵ = 10.71). Shown are color contours of the temperature
field at a horizontal midplane slice where red (light) is hot rising
fluid and blue (dark) is cold sinking fluid. These flow fields are used
as initial conditions for simulations that include the simultaneous
evolution of the reaction-advection-diffusion equation.
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FIG. 2. (Color online) Variation of the characteristic convective
velocity U with the reduced Rayleigh number ϵ. The dashed line is
a linear curve fit through the data where U = 6.0ϵ + 7.5. Here U
is the average of the maximum fluid velocity in the domain and the
error bars represent the standard deviation about the mean for a time
period of one vertical diffusion time.
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range 0.01 " τu " 1 for the flow field dynamics explored
here.
We next quantify the propagating front for a reacting and
diffusing system in the absence of any advection where R = 0.
We quantify the dynamics by calculating the variation of the
mean-square displacement, or spreading, of c(x,y,z = 1/2,t)
with time [29]. Since the domains investigated are spatially
extended we quantify the spreading at the horizontal midplane
at z = 1/2. The spreading is given by the second moment of
the concentration field M2 (t). Using the notation of Chiam
et al. [29], this can be written in polar coordinates as
$ ) $ 2π
|x − ⟨x⟩(t)|2 c(r,θ,t)r dr dθ
M2 (t) = 0 0 $ ) $ 2π
,
(13)
0 0 c(r,θ,t)r dr dθ

where x = (r,θ ) is a vector in polar coordinates with the origin
located at the center of the cylindrical domain. The vector from
the origin to the time-dependent position of the area-averaged
concentration field is given by
$ ) $ 2π
xc(r,θ,t)r dr dθ
⟨x⟩(t) = $0 ) $0 2π
.
(14)
0 0 c(r,θ,t)r dr dθ
Our results are shown in Fig. 3 for three different values of the
reaction rate ξ . For ξ = 0 the dynamics are purely diffusive,
which can be described by M2 (t) ∝ t γ , where γ = 1. This is
indicated by the lower dashed line. For ξ > 0 the dynamics
are reactive and diffusive. At long times our results show that
the rate of spreading increases where γ = 2, as indicated by
the upper dashed line.
We next consider a propagating front undergoing reactionadvection-diffusion dynamics. The front dynamics are illustrated in Fig. 4 for the case of a flow field exhibiting spiral
defect chaos where R = 4000. In Fig. 4 the black lines

γ =2
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FIG. 3. Mean-square displacement M2 (t) as a function of time
t for a system without advection (R = 0). Curves are shown for
ξ = {0,1/2,1}, with the curves for ξ = 0 and 1 labeled. At large times
M2 (t) can be described as M2 (t) ∝ t γ . In the absence of a reaction
(ξ = 0) the results show that γ = 1 as expected for purely diffusive
transport. For ξ = 1/2 and 1 the front propagates with γ = 2. The
dashed curves are included to provide a reference.

FIG. 4. (Color online) Front propagation in a chaotic flow field
for R = 4000 and ξ = 1/2. These values yield a Damköhler number
of Da = 0.03. Images are shown for (a) t = 8, (b) t = 12, and
(c) t = 16. The color contours represent the concentration of products
where red (light) is a large concentration and blue (dark) is a small
concentration indicating the presence of reactants. The black contour
lines indicate convection roll boundaries.
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γ = 2.5

FIG. 5. (Color online) Vertical structure of propagating fronts for
ξ = 1/2 at time t = 4 for the different flow field conditions of cellular
flow (top) and chaotic flow (bottom). Color contours are shown for
the concentration field of products c where red (light) is a large
concentration and blue (dark) is a low concentration. Shown on
the top is R = 2000, where the lateral sidewalls are hot to force a
target pattern of convection rolls. Shown on the bottom is R = 6000,
where the flow field is spiral defect chaos. Time is measured after the
initiation of the reaction at the center of the domain.

represent the boundaries between convection rolls and the
color contours represent the concentration of products where
red (light) represents a large concentration and blue (dark)
represents a small concentration. The three different panels of
Fig. 4 are snapshots in time of the front dynamics. The front
geometry is quite complex, asymmetric, and time dependent.
The front geometry in a strongly stirred fluid has been shown
to exhibit fractal properties [36]. Although this is a possibility
with our results, we have not explored this aspect in detail.
The propagating fronts explored here are three-dimensional
structures with spatial variation in the vertical or z direction.
Figure 5 illustrates the geometry of the reaction front in a
vertical slice of the domain for two representative cases.
The color contours represent the concentration of products.
In the top panel of Fig. 5 the underlying flow field is a
time-independent pattern of concentric rolls (or target pattern)
where R = 2000. The target pattern is formed using hot lateral
sidewalls. In the numerical simulation the hot sidewall forces
a convection roll parallel to the lateral boundary, which then
propagates toward the center of the domain to create a field of
concentric convection rolls. The vertical slice that is shown is
similar to the two-dimensional cellular flows that have been
studied extensively in the literature [2]. The image shown is
4 time units after the reaction has been initiated at the center
of the domain. The propagating front travels toward the lateral
sidewalls and has a structure that is affected by the presence
of the convection rolls.
The bottom panel of Fig. 5 shows a vertical slice of a
propagating front in a flow field exhibiting spiral defect chaos
where R = 6000 and also at 4 time units after the initiation of
the reaction. The propagating front is asymmetric and spatially
nonuniform with significant variation in the z direction.
The spreading of the concentration of products M2 (t) with
time is shown in Fig. 6 for the case of spiral defect chaos.
Results are shown for R = 6000 and for several different
values of the reaction rate ξ . For ξ = 0 the dynamics of
the scalar species are governed by advection and diffusion.
For this case the spreading of the scalar species is diffusive,
as shown by the lower dashed curve in where M2 (t) ∝ t γ
with γ = 1. For ξ > 0 the dynamics of the scalar species
are reacting, advecting, and diffusing. For ξ = {1/2,1} the
long-time dynamics of the spreading yield an exponent
γ ≈ 2.5.
The enhanced front spreading and propagation speed is
related to the increased complexity of the front geometry in
the presence of a chaotic flow field. As an estimate of the
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FIG. 6. Spreading M2 (t) with time t for a chaotic flow field with
R = 6000 and ξ = {0,1/2,1}, with the curves for ξ = {0,1} labeled.
At long times the spreading can be described as M2 (t) ∝ t γ . For
ξ = 0 there is only advection and diffusion and a curve fit yields
γ = 1.09 ± 0.03. The lower dashed curve has a slope of γ = 1 and
indicates diffusive transport. For ξ > 0 there is reaction, advection,
and diffusion. For ξ = 1/2 this yields Da = 0.02 and γ = 2.53 ±
0.05. For ξ = 1 this yields Da = 0.04 and γ = 2.43 ± 0.05. For ξ >
0 the front propagation is enhanced at long times, as indicated by the
upper dashed curve with exponent γ = 2.5.

front geometry we define the front as the region where 0.45 #
c(x,y,z = 1/2,t) # 0.55. These particular values were determined by trial and error to provide a reliable estimate of the
location of the front. An example image of the front using this
approach is shown in Fig. 7, where the front is represented as
black and all other regions as white. In this image the flow
field is chaotic where R = 6000, ξ = 1/2, and the front has
evolved for t = 15 time units.
We will refer to the time-varying total area of the black
region representing the front in Fig. 7 as Af , which we will

FIG. 7. Image of the propagating front at time t = 15 for R =
6000 and ξ = 1/2. For these parameters Da = 0.02. The propagating
front is shown in the z = 1/2 plane.
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FIG. 8. Variation of the area of the front Af with time t for R =
{0,4000,6000}. For each value of R there are curves for ξ = {1/2,1},
with the lower curve for ξ = 1/2. The dashed lines are curve fits
through the data of the form Af ∝ t ζ : For R = 0, ζ = 1.10 ± 0.03;
R = 4000, ζ = 1.70 ± 0.04; and R = 6000, ζ = 1.50 ± 0.04. The
area has been normalized by the area of the domain A0 = π ) 2 .

use as a measure of the amount of reaction that is occurring at
time t. If we assume a relatively uniform front thickness, the
area Af will increase as the front propagates and also as the
front geometry becomes more complex. Figure 8 illustrates
the time variation of Af over a range of parameters where
0 # R # 6000 and 0 # ξ # 1. The results shown illustrate the
growth of Af after any initial transients that are not included.
In addition, the area has been normalized by the total area of
the domain A0 = π ) 2 . The area Af grows with time as the
front propagates outward as expected. The time variation of
this growth is well approximated by Af ∝ t ζ and is shown
by the dashed lines in Fig. 8. Analytically, we expect the
exponents of Figs. 6 and 8 to satisfy the relationship γ =
ζ + 1, which is approximately held to the numerical precision
of our results. For the reaction-diffusion case where R = 0 the
area grows nearly linearly with time ζ ≈ 1, as expected for
diffusive transport. In this case, the geometry of the front is an
annular structure of finite thickness.
The results for R = 4000 in Fig. 8 illustrate the growth
of Af when the underlying flow field is chaotic (see Fig. 4
for flow field and front images). For this case, the geometry
of the propagating front is asymmetric and nonuniform with
additional fine structure. As a result, the magnitude of the area
Af is nearly an order of magnitude larger than the area for
R = 0. Also shown are results for R = 6000 (see Fig. 7 for an
image of the front). In this case, the flow is now more complex
and yields nearly a two order of magnitude increase in the area.
Our results show that the complexity of the flow field (which
increases with increasing R) has a much stronger influence on
Af than increasing the reaction rate ξ .
In order to quantify further the increased complexity of the
front geometry in a chaotic flow field we also computed an
effective perimeter η. We define η as the ratio of the actual
perimeter of the front to the perimeter of a circular front with
a radius equal to the azimuthally averaged value. The time

0

5

t

10

FIG. 9. Variation of the effective perimeter η with time where η
is the ratio of the actual perimeter of the front to the perimeter of
a circular front of the same averaged radius. The upper curve is for
R = 6000 and ξ = 1, which yields Da = 0.04, and the lower curve
is for a reacting and diffusing system where R = 0 and ξ = 1.

variation of η is shown in Fig. 9 for R = 0 and 6000 where ξ =
1. For R = 0, the front is circular and the value of η approaches
unity as expected. For R = 6000, the front geometry is quite
complex as shown in Fig. 4. For this case, the complexity of
the front yields an increased perimeter where η ≈ 2.2. The
effective perimeter of the front is over twice as large as the
perimeter of the equivalent circular front using the average
radius. The increased perimeter effectively increases the region
where the reaction is occurring and results in overall improved
front dynamics.

IV. CONCLUSION

We have explored numerically the dynamics of a propagating front in the presence of a three-dimensional chaotic
flow field for experimentally accessible conditions. Our
results quantify the increase in the front spreading and the
improvement in the overall reaction as a function of the flow
field disorder and also elucidate the complex geometry of the
front. These insights would be inaccessible, or very difficult to
obtain, using currently available experimental approaches or
theoretical descriptions.
We anticipate that our findings will be insightful for the
further development of analytical descriptions of a propagating
front in complex flow fields and may also guide the direction
of future experimental investigations. Overall, experimentally
accurate numerical simulations, such as the results presented
here, can be used to provide a quantitative link between theory
and experiment.
There are several extensions of this work that would be
interesting to pursue. Including the fluid backaction is possible
using our numerical approach and would provide access to
an entire new class of problems such as the combustion of
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premixed gasses. In addition, it is straightforward to explore a
vast parameter space using currently available computational
resources. In particular, it would be insightful to explore the
dynamics of propagating fronts for different nonlinear models
that have been suggested for a variety of problems. The results
of these explorations could then be compared quantitatively
with experiment, which would allow one to test hypotheses
used to make the models in the strongly nonlinear regime.
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