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The hydrodynamic interaction of two closely spaced micron-scale spheres undergoing Brownian motion was measured as a function of their separation. Each sphere was
attached to the distal end of a di↵erent atomic force microscopy cantilever, placing
each sphere in a sti↵ one-dimensional potential (0.08 Nm 1) with a high frequency
of thermal oscillations (resonance at 4 kHz). As a result, the sphere’s inertial and
restoring forces were significant when compared to the force due to viscous drag. We
explored interparticle gap regions where there was overlap between the two Stokes
layers surrounding each sphere. Our experimental measurements are the first of their
kind in this parameter regime. The high frequency of oscillation of the spheres means
that an analysis of the fluid dynamics would include the e↵ects of fluid inertia, as
described by the unsteady Stokes equation. However, we find that, for interparticle
separations less than twice the thickness of the wake of the unsteady viscous boundary layer (the Stokes layer), the hydrodynamic interaction between the Brownian
particles is well-approximated by analytical expressions that neglect the inertia of the
fluid. This is because elevated frictional forces at narrow gaps dominate fluid inertial
e↵ects. The significance is that interparticle collisions and concentrated suspensions
at this condition can be modeled without the need to incorporate fluid inertia. We
suggest a way to predict when fluid inertial e↵ects can be ignored by including
the gap-width dependence into the frequency number. We also show that low frequency number analysis can be used to determine the microrheology of mixtures at
interfaces. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4908295]

INTRODUCTION

Particles are found in a wide-range of natural and artificial materials such as blood, milk,
paint, mud, and soil, so the flow of particulate materials has long been of interest. The fluid flow
near and in the far field of a single particle has been studied by Stokes and Boussinesq (1903).1–4
The hydrodynamic interaction between two particles has also received considerable attention.5–9
In colloidal suspensions, the particles are normally Brownian. For large particles (⇠1 µm), the
amplitude of their (thermal) oscillations is much smaller than the size of the particle (see below).
This length scale di↵erence results in specific interactions between Brownian particles and thus
many experiments have been performed on hydrodynamic interactions between Brownian particles
for interparticle separations no less than about 1 µm using optical tweezers (OT).10–12
The purpose of this paper is to examine the hydrodynamic interaction between two Brownian
particles at small separations and when the frequency of thermal oscillations is high (resonance
frequency at 4 kHz in this study). An example of a high frequency technology is the electroacoustic
determination of the zeta potential and the particle size,13 where particles are oscillated using a high
frequency electric field or acoustic field. A full account of particle size and surface potential in this
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situation requires an understanding of the interparticle hydrodynamic and electrical interactions.
Another example is fast microrheology where neglecting to include the unsteady inertial e↵ects at
very short time scales results in errors in fluid characterization.11,14
Previous theoretical study of the hydrodynamic interactions between two Brownian spheres
shows that, at high frequency and at small9 or large7–9 separations, the fluid inertia becomes comparable to or even larger than the viscous forces. In this work, our criterion for small separations is
when the ratio of the gap width to the thickness of the wake
p of the unsteady viscous boundary layer
(Stokes layer) is small. The Stokes layer is of order s = 2 /!, where is the kinematic viscosity
and ! is the oscillation frequency in rad 1. For high oscillation frequency and small interparticle
separations, Hinch and Nitsche9 found that the oscillation frequency (or the fluid inertia) plays an
important part in the interaction force between the spheres while the spheres are kept at constant
distance with overlapping Stokes layers and the frequency is varied. However, in this paper, we
show that, at small separations, the hydrodynamic coupling between the spheres is accurately predicted by a low frequency approximation. Under these conditions, the interaction force depends on
the separation between the particles, and not the frequency.
The fluid motion surrounding an oscillating particle obeys the Navier-Stokes equation2,15,16
~ û~ = r
~ p̂ + r2û~
~r
i!Re! û~ + Re û.

(1)

with the no-slip boundary condition on the surface of the particle. In Eq. (1), ˆ denotes Fourier transformed parameter, û~ is the velocity field, and p̂ is the pressure field. The Reynolds number is defined
by Re ⌘ U L/ and the frequency number is defined by Re! ⌘ L 2/To , where U and To are the
characteristic velocity and time scale of particle motion in an otherwise stationary background fluid,
and L is the characteristic length. For most practical applications (e.g., the stability of colloidal
solutions), Re and Re! < O (1) and thus the majority of experimental and theoretical works have
focused on the non-inertial form of Eq. (1)12,17–21
~ p̂ + r2û.
~
0= r

(2)

For Brownian particles in a potential field with sti↵ness k, the root mean squared
p (rms) velocity
of thermal oscillation is U = A!o where from the equipartition theorem, A = kBT/k is the rms
amplitude of thermal oscillation and !o = 2⇡/To is the resonance frequency of oscillation. kB is the
Boltzmann’s constant and T is the absolute temperature. For A much smaller than the characteristic
length L, Re!
Re,3,9 which results in the unsteady Stokes equation15
~ p̂ + r2û.
~
i!Re! û~ = r
(3)
~ is determined by the frequency number
The relative importance of the unsteady term ( i!Re! û)
Re!. For fluid flow around a single particle, the particle radius is the normal choice for the characteristic length L. For the hydrodynamic interaction between two particles, the gap width between
the particles becomes important: thus, there is an outer flow field of each sphere with the bulk fluid
and a flow field in the gap of the two particles where there is hydrodynamic interaction. We suggest
that for the hydrodynamic interaction the relevant characteristic length is half the gap width between
the particles ( 12 D) (see Figure 1).
It is known that the friction coefficient of an oscillating sphere, ⇣sph, depends on the frequency
of oscillation (see Eq. (4)).1 The oscillation of the sphere results in an unsteady viscous boundary
layerpwith depth ⇠v around it.10 The wake of this viscous layer has a penetration depth of order
3
10,11
Comparing s to the radius of the particle a, two
s = 2 /!. ⇠ v is about 4 s for a sphere.
limiting cases are identified for the fluid motion around a single particle in which case L = a.
One limiting case occurs when s >> a. This can occur for low frequencies of oscillation where
Re! = 2a2/ s2 << 1. In this case, the drag on the single sphere is given by Stokes’ formula 6⇡⌘a,
where ⌘ is the fluid dynamic viscosity. The other limiting case occurs at high frequencies where
1. In this case, the drag on the sphere increases to1,3
s  a and Re!
⇣sph = 6⇡⌘a (1 + a/ s) .

(4)

By introducing a new length scale for the interparticle hydrodynamic interaction, i.e., L = 12 D, a
new frequency number is introduced, Re!,g = 12 D 2/ s2 (where g denotes the gap region), and it
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FIG. 1. Schematic of the experiment. a is the radius of a sphere, c is the distance travelled by the piezoelectric drive, D is
the separation between the two spheres, and r = D + 2a is the center-to-center distance. The dimensionless center-to-center
distance is ⇢ = r /a. x 1 and x 2 are the thermally stimulated deflections of the cantilever-sphere assemblies that are detected
by individual detection systems. The z-piezo in the top assembly is part of the commercial AFM and is used to vary the
separation between the two spheres. In symmetric motion, the spheres move in the same direction while in asymmetric
motion, they move in opposite directions.

should be possible for the fluid inertial forces to be important for a single particle but not for a
pair of particles (i.e., where D  s  a). An atomic force microscopy (AFM) experiment, with its
control of interparticle separation, allows us to examine both the single-particle and the two-particle
regimes for the same particle. The purpose of the current paper is to use such measurements to
understand the e↵ect of fluid inertia for the two-particle case. For the experiments described in this
paper, the resonance frequency was about 4 kHz and we calculate the frequency number at this
4 kHz. However, because of damping, the high amplitudes of Brownian motion are spread over
the range 1–9 kHz, so that there is a range of frequency numbers in all experiments. The depth
of the wake of unsteady viscous boundary layer is s = 9 µm (calculated at 4 kHz). The particle
radius is a = 15 µm (unless otherwise stated). The gap of the two particles D is varied from a
few nanometers (nearly touching) to a few micrometers. Although in our experiments the single
particle-fluid interaction has a high frequency number Re! = 2a2p/ 2s (Re! = 6), the two particle
interaction will have a low frequency number (Re!,g  1) for D  2 s if we use the characteristic
length 12 D in the definition of the frequency number for fluid motion in the gap of the two spheres.
It is thus interesting to see whether the experimental interparticle hydrodynamic interaction can be
accurately modeled with non-inertial formulae (Eq. (2))5,6 even when a single particle is at high
frequency number.
For the hydrodynamic interaction between two spheres, OT has proven to be a valuable technique.
Optical tweezers use a laser beam to exert a potential with a sti↵ness of about 10 6–10 5 N m 1,
that is about 104 softer than an AFM cantilever and usually results in an overdamped oscillator. Recently, Atakhorrami et al.10,11 explored the unsteadiness of interparticle hydrodynamic interactions
by pushing the time resolution of OT measurements to the µs range. Neglecting particle inertia22 and
the restoring force due to the soft harmonic potential applied by laser beams, the fluid velocity field
~ where ↵ is the interparticle hydrodynamic complex
was related to the drag force via û~ = i!↵ F̂,
response function and F̂~ is the force exerted by the particle on the fluid.23 In applications such as OT
(i.e., highly overdamped oscillators), the power spectral density of the cross-correlation of thermal
fluctuations of the two spheres
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G12 =

⌅

hx 1 (t) x 2 (0)i ei!t dt,

(5)

can be related to the imaginary part of the complex response function, ↵ 00, via the fluctuationdissipation theorem11,22
4k BT 00
↵ (r,!) ,
(6)
!
where x 1 and x 2 are the thermal fluctuations of the position of the two spheres and r is the
center-to-center distance. For motion parallel (||) to the centerline of the two spheres ↵ 00 is11
G12 (r,!) =

↵ ||00 (r,!) =

1
Z,
4⇡⌘r!

(7)

where (4⇡⌘r!) 1 is the steady interparticle hydrodynamic response function, known as Oseen’s
response, and Z is a correction due to unsteady fluid inertia10,11
Z=

[(1 + z) sin z z cos z] e z
,
z2

(8)

where z = r/ s .
In optical tweezers, the small restoring force and small particle inertia22 make it possible to
relate G12 to ↵ 00 via Eq. (6). Note that the e↵ective particle inertia is not only due to particle mass
but also due to the mass⇣ of the fluid
displaced.1 The displaced fluid mass is frequency dependent
⌘
9 s
4
3 1
and is given by 3 ⇡ ⇢ f a 2 + 4a , where ⇢ f is the fluid density. The fluid loaded mass (mass of the
sphere plus the mass of the displaced fluid) is then
!!
1 9 s 4 3
msph = ⇢sph + ⇢ f
+
(9)
3 ⇡a ,
2 4a

where ⇢sph is the density of the sphere and 43 ⇡ ⇢spha3 is the mass of sphere. We note the distinction
between the fluid inertia ( i!Re! û~ term in Eq. (3)) and the inertia of the particle (Eq. (9)). The
governing equation for the fluid is the Navier-Stokes equation and fluid inertia becomes significant
at high Re!, while significant particle inertia appears in the correlation function between the two
closely spaced spheres (Eqs. (11)–(17)). The frequency dependent drag (Eq. (4)) and mass (Eq. (9))
restrict the permissible frequencies for the accurate application of Eq. (6). For high frequency
measurements (⇠100 kHz), one has to choose small particles on the order 1 µm in radius. The
sti↵ness of the external potential should be kept very small k < 0.02 N m 1, while for sti↵er potentials Eq. (6) fails for any size of the microparticle. One shortcoming of optical tweezers is that
the smallest interparticle separation is usually more than twice the wavelength of the laser beam
(⇠1000 nm),12,18 so near-touching interparticle separations are inaccessible, which excludes interparticle collisions, where lubrication forces are greatest. This regime is important for interactions
in concentrated suspensions, and during the collisions between particles that determine colloidal
stability.
Our approach has many similarities with the OT technique, but instead of applying the external
potential using laser beams, we apply the potential by attaching an AFM cantilever to each particle
in a device that we call correlation force spectrometer (CFS).24–26 The cantilevers apply a relatively
sti↵ external potential (0.08 N m 1) in one direction (along the x direction in Figure 1), and much
sti↵er potentials in the other directions (perpendicular to x and torsional). This restricts the Brownian motion to be most significant in one direction and parallel to the centerline of the spheres.
The potential force exerted by AFM cantilevers is known to be harmonic, Fext = k x, where x is
the deflection from the equilibrium position. The particle inertia, as well as the restoring force,
is important in our experiments and is included in the cross-correlation function analysis (Eqs.
(11)–(17)) for a more accurate measurement of the hydrodynamic interaction.
In our experiments, s is fixed while r (see Figure 1) is varied from the sum of the particles’
radii (near collision) to a few micrometers. We compared our experimentally calculated interparticle hydrodynamic interaction with available theories that were developed for the hydrodynamic
interaction between two spheres at low Reynolds and frequency numbers.5,6 Our experimental data
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are in good agreement with these theories at near touching separations to about 2 s (the maximum
separation we measured), which supports our choice of characteristic length for inner flow region
described above. We show that the unsteady fluid inertial e↵ects are unimportant for interparticle
separation D less than about 2 s. We attribute this e↵ect to the overlapping s surrounding each
sphere. The underlying physics is that the elevated frictional forces at narrow gaps dominate fluid
inertial e↵ects. Therefore, we use the ratio of the separation between particles D to s to determine when the unsteady inertial e↵ects are unimportant for interparticle interactions. This ratio is
independent of the size of particles.
MATERIALS AND METHODS

Figure 1 shows a schematic of the experiment, which is the same as described in Ref. 24, except
that in the current work, there is a sphere attached to the unclamped end of each cantilever. Each
microsphere, 30 µm or 100 µm-diameter (borosilicate glass, Duke Standards), was glued (epoxy)
to the distal end of a di↵erent AFM cantilever, 200 ⇥ 20 ⇥ 1 µm3 (ORC8-D, Bruker, Inc.). The
experiments were performed in deionized water and at room temperature 22 C. In experiments
on nanoparticle solutions, we used Ludox TMA colloidal silica suspensions (22 nm diameter) in
deionized water (34 wt %, sigma-Aldrich, St. Louis, MO, USA). 6% and 8% nanoparticle solutions
were prepared by adding deionized water that was purified in a Barnstead EASYpure II (Thermo
Fisher Scientific, Inc., Asheville, NC, USA). To significantly reduce the ion concentration in the
dilute solutions, an ion-exchange resin (AG 501-X8, Bio-Rad Laboratories, Hercules, CA, USA)
was added, and the solution bottles were placed on a vertical rotator overnight. Solutions of 0.5M
NaOH (Sigma-Aldrich) and 0.5M NaCl (Sigma-Aldrich) were prepared and used to adjust the pH to
7 and ionic strength to the range 1 to 5 mM.
The spring constants of each cantilever were determined using the thermal noise method,
which has an uncertainty of about 15%-20%27 which propagates directly into uncertainty in ⇣ij
(see Eq. (11)). The deflections of each of the cantilever-sphere assemblies, x 1 (t) and x 2 (t), were
measured using the optical lever technique28 with a separate laser and photodiode for each assembly. The top detection system was part of a commercial AFM (MFP3D-Bio, Asylum Research,
Oxford Instruments), which includes a superluminescent laser diode with an 860 nm wavelength.
The customized bottom detection system includes a laser with a 680 nm wavelength (51nanoFCM,
Schäfter + Kirchho↵ GmbH) and a photosensitive diode (QP50-6-18u-SD2, Pacic Silicon Sensor).
The bottom detection system was mounted to the underneath of the MFP3D AFM plate. The two
cantilever-sphere assemblies were put in a closed-fluid cell (Bioheater, Asylum Research, Oxford
Instruments). With this setup, we conveniently exchange the solution in the fluid cell without
disturbing the measuring system. The bottom cantilever was mounted at a slight angle (⇠5 ) relative to the top cantilever to prevent possible laser cross-talk between the two probes. The two
micro-spheres were then brought in close proximity of each other using a micrometer translation
stage. Using the top view microscope of the MFP3D and monitoring the deflection signal of the
two assemblies, we ensured that lateral o↵set between the spheres was minimal. The vertical separation between the spheres (D) was varied from a few nanometers to a few micrometers using the
piezoelectric drive mechanism in the MFP3D. Both approach and retract force curves (see Figure 2) were examined to obtain accurate separation D: at contact (zero interparticle separation), the
force-separation curve shows a vertical line. From Figure 1, it can be seen that D can be determined
from
D=c

c0 + x 1

x 2,

(10)

where c is the displacement of the piezoelectric crystal and c0 is a constant determined from the
steep increase in force when the spheres touch.29
Two di↵erent measurements were performed: a slow measurement of deflections while varying
the separation, and a fast measurement at a constant separation. The slow measurement (⇠1 kHz)
was used to capture the force–separation curve29 with a typical approach velocity of 1 µm/s (see
Figure 2). Figure 2 shows that, during the slow measurement at varying separation, the force on
approach is the same as the force when the spheres are pulled apart. This means that the lubrication
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FIG. 2. Approach and retract force–separation curves obtained by driving the top cantilever-sphere assembly at 1000 nm s 1
toward, and then away from the bottom assembly. The overlay of the approach and retract curves shows that the lubrication
force is very small compared to time-independent forces such as the double-layer forces. The inset shows that the measured
deflection of the top and bottom assemblies is approximately equal and opposite. Results are for experiments in water and
a = 15 µm.

force at this approach velocity is much smaller than the quasi-static forces. The force is roughly
exponential with separation and is consistent with the existence of a double-layer repulsion29 that
extends up to 150 nm from contact. We measured the force as a function of piezo velocity and found
that the lubrication force was negligible compared to the double-layer force in the range of 10 nm/s
to 1000 nm/s. The inset of Figure 2 shows that the deflection of one cantilever is approximately
equal and opposite to the other assembly. We always choose two cantilevers with nearly matching spring constants, which means that the forces are nearly equal and opposite. Agreement with
Newton’s second law is consistent with correct calibration of the cantilever deflection.
The fast measurement (1 MHz) is used to measure the thermal fluctuations of the two cantilevers, and from there, to determine the cross-correlation in motion of the spheres. Here, the assemblies were held at a fixed separation for 16 s while the time series of the deflection of each assembly
were collected using a high frequency data acquisition card (NI PCI-6110, National Instrument,
Irvine, CA). Within each assembly, the AFM cantilever applies an external harmonic potential with
a sti↵ness of 0.08 N m 1 on each sphere. This sti↵ness was measured in a separate experiment in air
using the thermal method30 and only pairs of cantilevers where the spring constant di↵ered by less
than 15% were utilized because our analysis assumes that the spring constants are the same. In our
experiment, !0 = 25 000 rad s 1 and = 10 6 m2 s 1. This results in Re! = 6 for a single particle,
and Re 10 4.
Analysis

We used a Langevin theoretical framework to quantify our results. The time dependent position
of the spheres is given by
*m ẍ 1+ + *⇣11
,m ẍ 2- ,⇣21

⇣12+ * ẋ 1+ * k x 1+ * f 1 (t)+
+
=
,
⇣22- , ẋ 2- , k x 2- , f 2 (t)-

(11)

where m = k/!02 = 120 ng is the fluid loaded mass, and ⇣ij is the friction tensor: ⇣ii is the friction associated with the motion of a single particle, whereas ⇣ij,i,j is the friction that depends on
the mutual (cross-correlated) motion of the two particles. For axisymmetric motion of two identical spheres, the friction tensor is symmetric with equal diagonal elements. f i (t) is the random
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Brownian force with two moments12
h f i (t)i = 0

and

⌦

(12)

↵
f i (t) f j (t 0) = 2⇣ij kBT (t

t 0) .

Equation (11) can be expressed in terms of a symmetric coordinate, Xs =
p1
2

(13)
p1
2

(x 1 + x 2), and an

(x 1 x 2). The symmetric coordinate represents the motion of the
asymmetric coordinate, Xas =
center of mass of the two spheres (collective motion) and the asymmetric coordinate represents the
di↵erential motion of the two spheres (relative motion) (Figure 1). These coordinates are orthogonal
and independent, i.e., hXs (t) Xas (0)i = 0. In terms of the new coordinates, Eq. (11) becomes
m Ẍs + ⇣s Ẋs + k Xs = f s

(14)

m Ẍas + ⇣as Ẋas + k Xas = f as,

(15)

and
where ⇣s and ⇣as are the friction coefficients in the symmetric and asymmetric coordinates, respectively. Similarly, f s and f as are the random Brownian forces sensed by the dual cantilever-sphere
system in the symmetric and asymmetric coordinates, respectively. The noise spectra of the symmet⇤1 ⌦
⇤1 ⌦ 2 ↵
↵
(t) cos (!t) dt
ric and asymmetric coordinates are Gs = 4 Xs2 (t) cos (!t) dt and Gas = 4 Xas
0

0

which from fluctuation-dissipation theorem are15
Gs =
and
Gas =

4k BT ⇣s
(m!2

k)2 + ⇣s2!2

,

(16)

,

(17)

4k BT ⇣as
(m!2

2 !2
k)2 + ⇣as

respectively. It is noted that from Eqs. (16) and (17), Gij = 4

⇤1 ⌦
0

↵
x i (t) x j (0) cos (!t) dt which for

i = j gives the self- (autocorrelation) noise spectrum of each assembly and for i , j gives the
mutual (cross-correlation) noise spectrum

(Gs + Gas)
(Gs Gas)
; G12 =
.
(18)
2
2
In Eqs. (16) and (17), all the parameters are known prior to the correlation measurement except ⇣s
and ⇣as. These are obtained from the best fit of Eqs. (16) and (17) to experimentally generated Gs
and Gas, respectively. Elements of the friction tensor (Eq. (11)) can be obtained via
G11 =

⇣s + ⇣as
⇣s ⇣as
; ⇣12 =
.
(19)
2
2
The friction coefficients ⇣11 and ⇣12 contain contributions from the sphere and the cantilever. However, our interest is in the sphere contribution only, so we must separate the two e↵ects. For
⇣12, the contribution from cantilever-cantilever hydrodynamic interactions is negligible because
the cantilevers are far apart (at least 4a ⇠ 60 µm): experiments with cantilevers that were two
times wider showed that G12 is negligible between two cantilevers (without attached spheres) at
cantilever-cantilever separations of 60 µm (data not shown). The other hydrodynamic contribution
to ⇣12 is due to one cantilever-sphere assembly and cantilever of the other sphere. The minimum
separation between the objects in this case is 2a ⇠ 30 µm. This contribution is also insignificant
and can be approximated from the radial fluid velocity field around an oscillating cylinder (the
cylinder is the approximate model for an oscillating cantilever31,32). At 30 µm separation, the fluid
velocity drops to less than 20% of the cantilever velocity (for Re! 6 and !0 25 000 rad s 1).
For the previous case (60 µm separation), the fluid velocity drops to less than 7% of the cantilever
⇣11 =
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velocity. Thus, the cross-correlation in thermal fluctuations of the two assemblies is dominated by
sphere-sphere interactions and by the fluid spanning the gap between the two spheres.
Unlike ⇣12, the friction coefficient for the motion of a single particle, ⇣11, includes the e↵ect of
the cantilever, and we wish to subtract this contribution. We assume that the contributions from the
sphere and cantilever are additive: this assumption is based on the fact that the rms amplitude of
thermal fluctuations is very small (A = 0.2 nm at the resonance frequency) compared to the length
scale of a single sphere (a = 15 µm) and a single cantilever (w = 20 µm, where w is the cantilever
width). We estimate the cantilever contribution using the expression for friction of a rectangular
beam in viscous fluid15,31
⇣rect =

⇡ 2
00
4 w L cant ⇢ f !
00

where L cant = 200 µm is the cantilever length, and
namic function 15,31

⌦,

is the imaginary component of the hydrody-

p
i i Re!
=1+ p
,
p
i Re! K0 i i Re!
4iK1

(20)

(21)

p
where i =
1, K1 and K0 are the Bessel functions, and ⌦ (!) is the correction factor for a rectangular geometry.31 For ⌦ (!) = 1, Eqs. (20) and (21) yield the friction of a cylinder of length
L cant.31 Equations (20) and (21) have been successfully applied to model cantilever oscillations in
viscous fluid in various experiments.33 The friction on a single sphere is then ⇣sph = ⇣11 ⇣rect. We
checked the validity of this assumption (linearity) by comparing theoretical and experimental values
of ⇣sph at high frequency number and at large separations where the theoretical value is known
(Eq. (4)).3 At infinite separation, the experimental ⇣sph = 0.81 µkg s 1 was calculated by subtracting
the cantilever contribution ⇣rect = 0.86 µkg s 1 (calculated from Eqs. (20) and (21)) from the friction
of the cantilever-sphere assembly ⇣11 = 1.66 µkg s 1. There is only 7% di↵erence between the
theoretical prediction ⇣Stokes = 0.76 µkg s 1 (calculated from Eq. (4)) and the experimental value
⇣sph = 0.81 µkg s 1. From this point, our interest is in the friction of the sphere, so for simplicity
we use ⇣11 to describe the friction of single-sphere motion, i.e., our measured value of ⇣11 with
the cantilever contribution subtracted. We denote that as described above, there is no significant
contribution from the cantilevers in the measured values of ⇣12; that is no subtraction was applied to
calculate the mutual (cross-correlation) friction of the two spheres.
RESULTS

The thermally stimulated deflections of two cantilevers each with a spherical particle attached
were measured at varying separations between the spheres. The time series of the sum in deflections
(Xs = p12 (x 1 + x 2)) were used to calculate the power spectral density of symmetric (collective or

center of mass) motion and the time series of the di↵erence (Xas = p12 (x 1 x 2)) in deflections were
used to calculate the spectral density of the asymmetric (relative or di↵erential) motion as described
in the section on Analysis (Figure 1). The results are shown in Figure 3. At infinite separation, Gs
is very similar to Gas and they both approach G11 (the autocorrelation power spectral density). The
symmetric motion is a weak function of separation: Gs increases very gradually as the separation
decreases. In contrast, the asymmetric motion is a strong function of separation. Data for Gs and
Gas were fitted with Eqs. (16) and (17) to obtain the values of ⇣s and ⇣as. The external potential is
applied by the cantilever of constant sti↵ness, so we keep k the same at all separations. We assume
also that m is independent of separation, so all the variation in Gs and Gas arises from ⇣s or ⇣as.
The variation in ⇣s or ⇣as as a function of separation is shown in Figure 4. The abscissa on this
graph is the dimensionless center-to-center distance, ⇢ = r/a. The slight increase in the amplitude
of the symmetric spectral density is associated with the slight decrease in magnitude of the friction
of symmetric motion (⇣s). In keeping with the previous interpretation,17 we interpret this decrease
in friction as an increase in the tendency of the fluid flow generated by one sphere to entrain the
neighboring sphere when the spheres are closer to each other. The spectrum for Gas is similar to
a spectrum for an increasingly damped oscillator as the separation decreases. Fitted values for ⇣as
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FIG. 3. Power spectral density of the symmetric motion, Gs, and power spectral density of the asymmetric motion, Gas, at
varying separations D. Only three separations are shown in the top graph, D = 1, 4 µm, and 10 nm. Decreasing separations
in the bottom graph are D = 1, 14 µm, 11 µm, 7 µm, 4 µm, 2 µm, 400 nm, 150 nm, 100 nm, 30 nm, and 10 nm. Results
are for experiments in water and a = 15 µm.

(Figure 4) quantitatively show the increasing damping at smaller separations. The increase in the
friction of the asymmetric motion (⇣as) at closer separations reflects the difficulty of squeezing the
fluid into, and out of, the gap between the two spheres.
G12 is calculated from the di↵erence between Gs and Gas (Eq. (18)) and is approximately zero
at large separation (indicating that the particle motions are uncorrelated) and increases in magnitude
with smaller separation (indicating that the particle motions are highly correlated) (see Figure 5).
The solid lines in Figure 5 are plots of G12 calculated from Eq. (18) using Gs (⇣s) and Gas (⇣as) obtained from the fits to the respective experimental power spectra (Figure 3) using Eqs. (16) and (17).
The trend of G12 is consistent with the trends of Gs and Gas : the increase in fluid coupling at smaller
separations dampens the asymmetric motion and enhances the symmetric motion (Figure 3).
A comparison to theoretical predictions of the friction coefficients is facilitated by normalizing
the measured friction coefficient by the Stokes’ drag, 6⇡⌘a, as shown in Figure 6. Normalized data
⇤
⇤
⇤
are signified by ⇣11
and ⇣12
. The only high frequency number equation that we have is for ⇣11
for a
free sphere (Eq. (4)). From Figure 6, we see that our data agree with this prediction within only 7%
di↵erence, which is less than the systematic error in our experiment due to uncertainty in the spring
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FIG. 4. Values of ⇣ s and ⇣ as obtained from fits to Eqs. (16) and (17) using experimental Gs and Gas. Data are plotted as a
function of the dimensionless separation (⇢ = r /a). Results are for experiments in water and a = 15 µm.

constant and sphere radius. Hinch and Nitsche9 presented a theory for the interparticle hydrodynamic interaction that applies at high frequency number and small separation, but the numerical
values for the friction coefficients are not available in their paper. We compare our results to the
theory for steady interparticle flow. For gap width much larger than the particle radius, Je↵rey and
Onishi give the following asymptotic expressions:6
9
93
1197
+
+
4⇢2 16⇢4 64⇢6
3
19
387
⇤
1 ⇥ ⇣12
=
+
+
.
2⇢ 8⇢3 32⇢5

⇤
⇣11
=1+

(22)
(23)

FIG. 5. Cross-correlation spectral density, G12, at varying separations D. Decreasing separations are D = 1, 14 µm, 11 µm,
7 µm, 4 µm, 2 µm, 400 nm, 150 nm, 100 nm, 30 nm, and 10 nm. Solid lines show the quality of fits for separations D = 1,
4 µm, 2 µm, 30 nm, and 10 nm. At any given frequency, the magnitude of G12 changes monotonically with separation.
Results are for experiments in water and a = 15 µm.
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⇤ , and friction of cross-correlated motions of two spheres, ⇣ ⇤ , as a function of
FIG. 6. Friction of single sphere ⇣ 11
12
⇤ . Experimental data are compared
dimensionless separation, ⇢ = r /a. Data are normalized by 6⇡⌘a and we plotted ⇣ 12
with Eqs. (22) and (23) (small Re! and large ⇢) and with Eqs. (24) and (25) (small Re! and small ⇢).6 Equation (4) is the
high frequency number friction on a free sphere. Results are for experiments in water and a = 15 µm.

These equations are plotted in Figure 6 and clearly do not fit the data well. They fail at small
separations as expected for a large separation approximation. At large separation, Eq. (22) fails to
⇤
⇤
predict ⇣11
, but the value of ⇣12
is reasonably accurate. We will return to the agreement between
⇤
theoretical and experimental values of ⇣12
later. For two spheres that are nearly touching, Je↵rey
gives the following asymptotic expressions (also from Ref. 6):
⇤
⇣11
=

⇤
1 ⇥ ⇣12
=

1
4 (⇢ 2)

1
4 (⇢ 2)

9
ln (⇢
40

9
ln (⇢
40

2) + 0.99536

2) + 0.35022

3 (⇢ 2)
ln (⇢
112

3 (⇢ 2)
ln (⇢
112

2) + 0.19 (⇢

2) + 0.13185 (⇢

2)

(24)

2) .

(25)

⇤
⇤
As shown in Figure 6, these expressions agree with our data for ⇣11
and ⇣12
at small separations
despite the fact that they are steady single-particle and interparticle flow predictions and Re! = 6
for a single particle in our experiments. Our explanation for the observed agreement between data
⇤
at high frequency number and theory at low frequency number is that ⇣12
is dominated by flow
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in the thin film between the spheres. Our data show that for interparticle gap width shorter than
twice the penetration depth s, the interparticle flow is steady and thus the propagation of stress
in the thin fluid film is e↵ectively instantaneous despite the high frequency of a single particle
oscillation. In Figure 6, s = 9 µm at the resonance frequency, so 2 s corresponds to ⇢ = 3.2. As
shown in Figure 6, Je↵rey’s Eq. (25) provides a reasonable fit to the measured data from contact out
to ⇢ = 3.2, justifying the choice of separations less than 2 s as the range for neglecting fluid inertia.
⇤
The quantitative agreement between Eq. (23) and the experimental ⇣12
at large separations (but still
overlapping Stokes layers, D < 2 s) is for the same reason.
The agreement between Je↵rey’s theory and our measurements would be more satisfying if
confirmed at a second (high) frequency. It is difficult to vary the frequency in our experiment, but by
the addition of a heavier mass in the form of a larger sphere (100 µm-diameter) to the cantilever, we
are able to shift the resonance frequency down to 1 kHz. A comparison of the cross-correlation friction ⇣12 as a function of separation at the two frequencies is shown in Figure 7. ⇣12 and r are shown
normalized to the radius of the particle a to account for the di↵erent sphere radii (see Eq. (25)).
After appropriate normalization, the cross-correlation friction shows no e↵ect of frequency when
the Stokes layers of the two particles overlap.
As described in the Introduction, we account for the experimental observation that the e↵ects
of fluid inertia do not appear to be important at small separations by introducing the characteristic
length D/2 in calculation of Re!,g (the frequency number for fluid flow in the gap width) giving
Re!,g = 12 D 2/ s2 where the e↵ect of the fluid density, viscosity, and the frequency of oscillation is
included in s. This definition implies that at a fixed frequency of oscillation, the contribution of
fluid inertia grows as the gap between the particles grows and for a fixed interparticle separation,
the fluid inertia becomes more important at a higher frequency of oscillation. The properties of the
fluid, in which the particles are dispersed, are also important: the lower the fluid kinematic viscosity
the higher the inertial response. So, for example, the inertial response of water is higher than for air
between two colloidal particles. Using the above definition, all the experimental data presented here
are at Re!,g = 12 D 2/ s2 < 1.
The fact that the coupling of two spheres oscillating at high frequency (4 kHz) can be treated
as a low frequency number problem for a simple fluid (water) suggests that the apparatus and the
method of analysis of thermal oscillations described in this paper could be used for studying the
hydrodynamic drag on two colliding particles, a problem that is important in the study of colloidal
and nanoparticle suspensions. As an example, here, we briefly use the technique to examine the

FIG. 7. E↵ect of resonance frequency f 0 on ⇣ 12. The friction of cross-correlated motions of two spheres normalized to
the radius of the particle a is shown as a function of dimensionless separation ⇢ = r /a for two frequencies, 4 and 1 kHz.
The lower frequency was obtained by using larger particles, a = 50 µm, than in the other experiments in this paper where
a = 15 µm. Results are for experiments in water.
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e↵ect of nanoparticles on the hydrodynamic interaction between micron-sized particles in water.
It has been well known since the time of Einstein that colloidal particles increase the viscosity of
solutions according to the volume fraction of the suspension34
⌘ = ⌘ 0 (1 + 2.5 ) ,

(26)

where ⌘ 0 is the viscosity of the base fluid and is the volume fraction of particles in suspension.
Recently, Bhattacharya and Blawzdziewicz35 postulated that the hydrodynamic force on a
micrometer-size particle approaching a wall in a nanoparticle solution would behave as if the viscosity of the intervening fluid would gradually trend toward the pure solvent viscosity at smaller
separations. The reduction in viscosity should arise because of exclusion of the nanoparticles from
the gap width. Using measurements in which a sphere was driven toward a plate, James and Walz36
confirmed this trend: the fitted viscosity diminished with diminishing separation between the particle and wall. The remarkable feature of these measurements is that viscosity was measurably
reduced up to 100 times the hard sphere diameter of the nanoparticles (⇠2 µm), meaning that the
change in viscosity a↵ects much of the important range for interparticle collisions.36
Here, we determine the viscosity from measurement of the coupling between two particles
when they were driven by thermal noise using the method described earlier in this paper and from
the following equation (see Je↵rey’s Eq. (25)):
"
1
1
⌘=
6⇡a 4 (⇢ 2)

9
ln (⇢
40

2) + 0.350 22

3 (⇢ 2)
ln (⇢
112

2) + 0.13185 (⇢

2)

#

1

⇣12.
(27)

The viscosity data as a function of separation are shown in Figure 8. Figure 8 shows the same trend
as the measurement of James and Walz.36 The di↵erence between data here and results of James and
Walz (comparison not shown) is likely due to di↵erences in the volume fraction of the particles and
the ionic strength of solution, to which the viscosity is quite sensitive. This application shows the
usefulness of the measurement of the thermal motions for determining fluid properties.

FIG. 8. Viscosity of nanoparticle suspension in thin film between two colloidal particles, determined from Eq. (27). The
symbols correspond to ( ) water, (⇤) 6% and 2.1 mM, (⌅) 6% and 4.3 mM, (4) 8% and 3 mM, and (N) 8% and 5.3 mM. The
data show that the viscosity of suspensions starts to decrease at about 2 µm gap width that is about 100 times the hard sphere
diameter of silica particles (22 nm). At the smallest separations, the viscosity of suspensions approaches the viscosity of base
fluid, water.
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FIG. 9. Normalized cross-correlation spectral density ⇡r⌘! 2/k BT G 12 compared for several separations with the theoretical expression e z /z 2 [(1 + z)sin(z) z cos(z)] in Eq. (8) and plotted versus the dimensionless ratio z = r / . The
discrepancy between our experimental data and Eq. (8) arises because the particle in the experiment has significant inertial
and restoring forces compared to the viscous drag force. For each experimental data set, r and are fixed, so r / is a function
of frequency only. Results are for experiments in water and a = 15 µm.

DISCUSSION
Comparison to optical tweezers experiments

Equation (6) assumes that the particle’s inertial and restoring forces are insignificant when
compared with the viscous drag force (i.e., a highly overdamped oscillator) and therefore is applicable for analysis of optical tweezers experiments. In contrast, the particle’s inertial and restoring
forces are important in the two cantilever-sphere experiment, and thus Eq. (6) is inapplicable.
Figure 9 shows that Eq. (6) fails to predict the interparticle hydrodynamic response in our experiments. Thus, the particle inertial and restoring forces cannot always be ignored when discussing
hydrodynamic interactions between particles.
Comparison to conventional drainage experiments

A conventional drainage experiment is often used to obtain the lubrication force and thus the
friction coefficient acting on a sphere approaching another fixed object such as a plate or sphere.37,38
In such experiments, the fluctuations in the deflection of the AFM cantilever are usually low-pass
filtered, and thus the fast fluctuations and time-dependent e↵ects are excluded.15,31 Two of the
major weaknesses of such an approach are avoided in the experiments described here. First, the
conventional drainage experiment measures the sum of the quasistatic force and the lubrication

FIG. 10. The current experiment reduces the hydrodynamic coupling between cantilevers by keeping them well separated
and antiparallel (left). A conventional drainage experiment could achieve a similar e↵ect by attaching the bottom sphere to a
step edge (right).
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force, sometimes making it difficult to resolve the lubrication force. For example, the quasistatic
double-layer force in Figure 2 completely obscures the lubrication force, whereas the lubrication
force can be easily separated and resolved as shown here from the analysis of the Brownian motion.
Second, the conventional drainage experiment su↵ers from significant interfering hydrodynamic
contributions due to the interaction between the cantilever and the bottom plate. This problem
is largely solved in this work by supporting the bottom sphere on a cantilever that is small and
antiparallel to the top cantilever such that the coupling between opposing cantilevers is weak. This
type of improvement could also be made to the conventional drainage experiment, for example, by
attaching the lower sphere to the edge of a step (Figure 10).
CONCLUSIONS

We have presented a direct measurement of the hydrodynamic interactions between two microspheres for the conditions of low Reynolds number and high single-particle frequency number (at
resonance frequency 4 kHz). At small separations, the friction of the asymmetric motion increases
dramatically because of the extra difficulty in squeezing the liquid out of a small film. In contrast,
the friction of the symmetric motion decreases slightly because each particle is dragged in the wake
of the other particle.
At small separations between the spheres (D < 2 s ), the measured value of the interparticle
friction is well predicted by low frequency number theory (Je↵ry’s expression from Ref. 6). This
suggests that we use a frequency number for the interparticle hydrodynamic interaction that includes an explicit dependence on the separation of the spheres, for example, Re!,g = 12 D 2/ s2. From
this definition, inertial e↵ects should be included for Re!,g > 1 ) D/ s > 1.4. The physical interpretation of this relation is that when the separation between the spheres is less than about two
times the wake of the unsteady viscous boundary layer, then the flow is e↵ectively a Stokes’ flow.
This is because in narrow gaps, frictional forces dominate fluid inertial e↵ects. As the separation
D increases, the low frequency number does not accurately describe the experiment, particularly
for the friction of single particle motion. This is explained as a diminishing e↵ect of confinement
of the liquid between particles. The behavior of the particle at large separation asymptotes to a
magnitude that is close to the prediction by Stokes for a single particle at high frequency number.
Our work is only over a narrow range of frequencies, future work over a wider range of frequencies
could determine whether the hydrodynamic coupling between two spheres always approximates
low frequency number behavior in close proximity.
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